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Abstract. The use of the Box-Counting method (BC) to calculate the
fractal dimension of invasive pathologies in the human body is proposed
in this paper. BC was applied to calculate the fractal dimension of a
tumor from medical images of human brains with cancer. The BC test
required additional image processing algorithms and 3-D reconstruction
software for the processing of a sample area. The BC results were used

to determine the size and volume of a tumor; this allows an oncologist to
perform a more informed diagnostic.
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1 Introduction

Saving human lives is the primary goal of medicine. Cancer is an invas.ive
disease that is responsible for many deaths annually worldwide. For defeating
cancer, an oncologist needs to know the following tumor characteristics:

Specific type.
Dimensions.

Location.

Internal organs affected.
Cancer stage.
Appearance.

Growth rate.
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Knowledge of these features allows an oncologist to estimate the operability
of the tumor and prognosis of the patient.

Medical technology has improved during the last century. Technology like
X-rays, ultrasound. magnetic resonance imaging (MRI) and computer
tomography (CT) allows a physician to obtain an internal image of the body.
This technology can even show brain functioning and structure. However, it is
still difficult for a doctor to obtain an accurate measurement of an invasive
pathology without an invasive surgical procedure. For this reason, many
investigators have been using computer programs to help doctors to measure
and identify more accurately an invasive pathology [1] [2]. This paper shows
how Box-Counting method, which is widely used for calculation of fractal
dimension. can be used to measure the size of a tumor in a human brain.

Box-Counting needs a digital filtered image for its performance. The
process for obtaining this input is explained briefly later in this paper. Figure
1 shows an example of a CT scan of a patient with a brain tumor.

Fig. 1. CT scan of a brain with tumor.

2 Box—Counting Method

This section explains the process for calculating the dimension of an object
with Box-Counting. First, the basic geometrical concepts are explained. Next,
Box-Counting is explained. Finally, the measurement of teh size of an object
with box-counting is shown by using exponential laws.

2.1 Traditional and Fractal Geometry Concepts

Traditional geometry is the sub-discipline of mathematics that studies the
features and measurement of elements like points, lines, curves, planes,
figures and volumes. However, traditional geometry can not represent the
shapes found in nature like mountains, animals, clouds, leaves, trees, etc.
Fractal geometry provides a mathematical model for these complicated
natural forms (also called abstract forms).
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In geometry, the dimension of a space is defined as the minimum number of
coordinates needed to define every point within it. All forms have dimensions:
points have none, lines have one dimension, surfaces have two dimensions and
volumes have three dimensions. For example: two dimensions are required to

represent a rectangle, a cube requires three dimensions, etc. This concept of
dimension is called topological dimension.

Fig. 2 Geometric shapes: line, surface and cube.

Surfaces like a lung, a brain or a tumor have three dimensions therefore the
unevenness of an object can be considered as increment in a specific
dimension. Rough curves have between one and two dimensions. Rough
surfaces have between two and three dimensions. This concept is called
fractal dimension. Fractal dimension is a precise parameter with which we
measure the conceptual and visual complexity of an object. Using fractal
dimension, the volume of an irregular object can be calculated.

2.2 Box-Counting Insight Explanation

Box-Counting is a method used to obtain the fractal dimension of an object.
The Box-Counting steps are:

1. Draw a rectangular grid over the image that contains the object to
identify. Each box will have a width and height of r. The grid will
have N boxes.

2. Count the boxes that contain the object.

The relation between N and r is given in eq. 1.

N()=1
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ve)=(1) )

The precision of the technique depends directly on the size and number of
boxes. A large number of smaller boxes will give a more accurate result.
However, more boxes imply more image processing.

2.3 Exponential Laws

Equation 2 represents the relation between N and r for a d dimensional

figure.
N(r)=(')d | 2)

r
Equation 3 is obtained by using exponential laws in eq. 2.

N(r)=lr(:)d @3)

Equation 4 is obtained by applying logarithm laws to eq. 3.

log(N(r))= log(k)+ log(( ! )" )= d log(:)+ log(k) (4)

Equation 5 is obtained applying the limit of r whenlim,_,,. This deduction is
made with an expectation of a better estimation.

d= llm,_.o

() %

)

If the limit exists in eq. 5, then d can be calculated. However, the limit
operation is complex. Equation 6 shows a valid approximation.

log(N(r)):dlog('l_)+ log(k) (6)

Equation 7 is obtained by replacing the symbols of the linear equation in
slope intersect form with eq. 6.

y=mx+b (7



3-D Fractal Characterization of Tumors from a Computer Tomography Scan 99

where m represents the dimension.
In equation 7, b is the point, where the line intersects with y- A plot of
log(N(r)) against log(:) must be approximated to the line with slope m. This

approximation is called log-log approximation and is commonly used to find
the dimension by Box-Counting method.

3 3-D Digital Reconstruction of a Brain Tumor
from CT Scans

3-D digital reconstruction of a patient’s head and a brain tumor is required
before using the Box-Counting Method. This reconstruction gives a good
visual representation of the size and position of the pathology.

Three processes are necessary to perform a 3-D digital reconstruction:

1. Segmentation [3] of the desired object from CT scans with Sobel
operator [12].

2. Reconstruction of the 3-D model with Delaunay's triangulation [9].
3. Rendering of the resulting model.

3.1 Reconstruction of the Patient’s Head
The first step for reconstructing the head is identification of the head's
border in the sample images. 20 images form the sample in this research.

Figure 3 shows an example of segmentation of a sample after using binary
filtering and border detection with Sobel operator [12].
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Fig. 3 Segmentation of the sample with Sobel operator.
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Once the border is identified in the sample, the images will be superimposed
in a 3-D space, as shown in Fig. 4.
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Fig. 4 Borders from sample are superimposed in a 3-D space.

Next, Delaunay triangulation is used to create a non-structured grid. This
process maximizes the interior angles with great precision (minimal rounding
errors). Figure 5 shows the result of Delaunay triangulation in the borders

obtained from the sample.

Fig. 5 Results from Delaunay triangulation process.

A rendering process [2] is executed over the grid obtained with Delaunay
triangulation. Rendering is a process that creates an image taking
environmental effects into account. Figure 6 shows the results of the rendering

process.

Fig. 6 Results of the rendering process of the patient’s head.
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3.2. Reconstruction of the Brain Tumor

The process of reconstruction of the brain tumor is exactly the same as the
one used on the reconstruction of the patient's head. The first step is

applying the segmentation process [3] to the sample. Figures 7, 8 and 9 show
the results of the segmentation process.

Fig. 8 Segmentation of the pathology under examination
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Fig. 9 Tumor borders obtained with Sobel operator.

Finally, the reconstruction of the tumor is applied. The rendering process
must be executed taking the patient’s head into consideration. In this way,
useful information like location, size and internal organs affected is given to

the specialist. Figure 10 shows an example. The rendered image can be used
by specialists to decide if an operation is viable.
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Fig. 10 3-D representation of the tumor.

4 Calculus of the Dimension of the Pathology
in a 3-D Space

Measuring the brain tumor with Box-Counting becomes possible after the
3-D reconstruction. Because the object is 3 dimensional, the boxes are going

to be cubes and d = 3, then N(r)=(:)3 .

Box-Counting is an iterative process. In each iteration, the method counts
the boxes that contain the pathology. The first iteration has an r value of 1,
because lim,_,, r is decremented in each cycle. Table 1 show the values
obtained in 4 sample iterations of the Box-Counting method. In this table, n
is the real depth, width and height of the boxes. Table 1 values consider a 3-D
space of 64 z 64 z 64.

Table 1. Sample iterations of the Box-Counting method

Iteration n r N(r)
1 61 1 /(1) " 3=1
2 32 1/2 =05 1/(1/2) ~3=38
3 16 1/4 = 0.25 1/(1/4) ~ 3 =64
4 8 1/8=0.125 1/(1/8) -~ 3 =
512

Figure 11 shows a 3-D image of the boxes proposed in table 1. Each
iteration has more boxes and therefore more precision.
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Fig. 12 Stages of the measurement of the tumor

In this research, six iterations were used to measure the brain tumor. Table
2 shows the results of the six test iterations. The results confirm that more
precision is gained with smaller values of .
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Table 2. Iterations for measuring the tumor

Iteration n r N(r) Boxes that
contain the
tumor
1 64 1 1(1/1) =3 =1 1
2 32 1/ 2 =05 1/(1/2) -3 =8 3
3 16 1/4 =025 1/(1/4) =3 =64 6
4 8 1/8 =0.125 1/(1/8) ~ 3 =512 15
5 4 1/ 16 = 0.0625 1,(1/16) = 3 = 4096 12
6 2 1/ 32 = 0.03125 1/(1/32) =~ 3 = 183
32768

The fractal dimension is obtained by using equation 7 and the results are
presented in Table 3.

Table 3 Fractal dimension of the tumor.

m  fractal dimension 2.4378
B 5.9124

5 Conclusions

The measurement of a brain tumor with Box-Counting in a 3-D space is
proposed in this paper. The Box-Counting method requires a prior
segmentation process [1, 2, 3] and reconstruction process [7, 8]. The Box-
Counting method does not depend on scale of the image as some other
methods do. Box-Counting’s precision depends on the iteration number. A
large iteration number will imply smaller r value, smaller box size. better
precision and greater computer resources required.

The fractal dimension obtained (d=2.4378 in test example) provides
important information about the position and size of the tumor. This
information helps the oncologist to make objective decisions about diagnostics
and treatment of the condition.
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